On the Existence and Symmetry Properties of Finite Total Mass Solutions of the M atukuma Equation, the Eddington Equation and their Generalizations

YI LI & WEI-MING NI § 1. Introduction and Statements of Main Results
In 1915 A. S. EDDINGTON introduced the following equation as a mathematical model to describe the dynamics of globular clusters of stars ( [E] ): where p > 1 and again u > 0 is the gravitational potential with Pf 4 n(l ~Ix ! 2 ) uP dx representing the total mass. Since the physical models are spherically symmetric, positive radial entire solutions of (1.1) or (1.2) are of particular interest, and in this case equations (1.1) and (1.2) reduce to the follow ing ordinary differential equations, respectively for (1.2"') with p = 3 which confirms part of his conjecture. Since then, there seems to be very little mathematical contribution in the literature on these two equations until the very recent works of NI & YoTSUTANI [NYl] , [NY2] .
First, it was observed in [NY2] Theorem [NYl, 2] . Let u = u(r; iX) be the solution of (I.2,,) . then u(r; iX) Note that the existence of positive entire radial solutions with finite total
mass is left open in [NYl, 2] . In this paper, using a variational approach, we shall settle this question; that is, we shall prove the following i.e. the limit of Ix I u(x) at oo is exactly the total mass of u.
Up to this point, we have only studied radial solutions of equations (1.1) and (1.2). It is nonetheless an interesting and natural mathematical question whether equation (1.2) possesses only positive radial entire solutions. To investigate this problem we apply the arguments used in [GNN] to the following equation
Liu +f(r, u) = 0 in JRn, (1.6) where n > 3, r = Ix I andfis a continuous function which is strictly decreasing in r > 0 and nondecreasing in u > 0. The starting point here is a refinement of Theorem l", p. 380 in [GNN] , which is established in the Appendix(Theorem A. I). Using that we are able to prove, for instance, the following Proposition 1.1. Suppose that u is a positive C 2 solution of (1.6) which tends to zero at infinity. Assume that there exist p > 0, -,; < -2 and C > 0 such that (1.12) n -2 o (E) (1.11) possesses infinitely many positive radial entire solutions if
In this paper we shall improve this theorem as well as extend it to non-radial case. First, we present a sufficient condition. --We should point out that in case H(x) = H(lx I), (1.14) reduces to (1.13) (see Section 3.2 below). To state our necessary condition, we need to introduce the following nota tions. For a given function 1> and a given point x 0 E Rn, we set ( 1.15) which is the spherical mean of 1> at x 0 • In case x 0 = 0 (the origin), we shall
with the obvious convention that 1>x 0 ,p(r) = 0 if the integral in (1.16) is infinite.
( (1.15) is the usual spherical mean while (1.16) was first used in [Nl ] . ) 
must be satisfied for every x 0 E Rn and every p > 1.
The organization of this paper is as follows. Theorems 1.1, 1.2 and 1.3 (and their extensions) are proved in Section 2. In Section 3, we establish Theorems 1.4 and 1.5. The proofs of Propositions 1.1 and 1.2 are included in the Appendix.
§ 2 Matukuma Equation and its Generalizations
The purpose of this section is to establish the existence of solutions with finite total mass of the Matukuma equation and its various generalizations. We shall treat the existence question in subsection 2.1 and the symmetry property in subsection 2.2.
Existence of Finite Total Mass Solutions
In this subsection we shall study the following equation
in Rn, where p > 1, A.> 0 and n > 3. Note that when A.< 2, the coefficient in the nonlinear term is singular at x = 0.
We first introduce some notations. 
In proving this theorem, we recall the following result (Theorem 3.18 in [LN] ) concerning the equation
Then (2.5) possesses at least one nonnegative nontrivial entire weak solution in
We should remark that although K was assumed to be locally Holder con tinuous in JR,n in [LN] , the arguments there can be ca!ried over here without any change.
We are now ready for the 
(2.7)
For, by equation (2.1) and the fact that u E C 2 for r > 0 we have
Integrating from s to r and letting s --0>-0, we obtain by (2.4)
Integrating (2.8) from r to = and using the fact that u(r) --0>-0 as r ->-co (by (2.6)), we have
by changing the order of integration. For r > I, it then follows that
(2:9)
Combining (2.6) and (2.9), we conclude that for r ~ 1
Since p > I, there is a positive integer k such that
Now substituting (2. JO) into (2.9) we obtain u(r) < C(r2-n + rP,(2-n)/2) for r > I.
Iterating this step k times, we arrive at
This proves our assertion (2. 7).
It is easily seen from (2.7) and (2.3) that [LN] (which in particular guarantees (2.12)). The existence in (iv) follows from Theorem 2.1 above while (2.13) follows from Lemma 7.1 in [NY2] . Q.E.D.
Symmetry Properties of Solutions having Finite Total Mass
This subsection is devoted to the study of the symmetries of finite total mass solutions of the following equation Liu+ K(x) uP = 0 in Rn, (2.14) u> 0 in Rn, where p > 0 and n > 3. Here a solution u of (2.14) is said to have finite total mass if KuP E L1(Rn). We shall assume throughout this subsection that K(x) is locally Holder-continuous on Rn.
First, we derive the asymptotic behavior of such solutions. 
This proves (2. l 5) since lim J [K(y) [ dy = 0.
Lemma 2.3. Let u be a bounded positive solution of (2.14) with lim inf u(x) = 0.
x-+oo
Suppose that KuP E L1(Rn) (\ L "°(Rn) and K(x)
Furthermore, if r < 0 then for any e > 0 n + r
fO([x2-n [)
and
By Lemma 2.2 we have Ll(u -v) = 0 and, both u and v are bounded. Thus the Liouville theorem implies that u -v = constant. Since v __,,_ 0 at = and lim inf u(x) = 0, we conclude that u v and (2.17) holds.
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To prove (2.18) we assume that 0 > r > -n. ( 
Substituting this back into K, and repeating this process, we conclude, after k iterations, that either
n-2
Now, if --p > 1, then eventually (2.21) fails to hold for large k and n n-2
and (2.21) holds for all k if and only if p < (n + -r)/(n -2). Thus, if p > (n + -r)/(n -2), then u(x) = 0(\ x \ 2 -n) at oo, and the remaining case of (2.18) follows from (2.20). Q.E.D.
Our main results are Theorem 2.2. Every bounded positive entire solution u of (2.14) with finite total mass must be radially symmetric about the origin and u, < 0 for r > 0 provided that K is radially symmetric, positive and decreasing for r > 0 with K(r) = O(r ') near = for some T < 0, and that p > (n + 1 + -r)/(n -2). (n + 2)/(n -2) then every bounded positive entire solution of (2.14) must have infinite total mass. Theorem 2.2 is a direct consequence of Lemma 2.3 and Theorem A. I (in the Appendix below) while the limit in (2.22) is given by (7.1) in [NY2] . Theorem 2.3 may be proved as follows.
Proof of Theorem 2.3. Suppose for contradiction that u is a bounded positive solution of (2.14) with finite total mass. Since p > (n + 2)/(n -2) > (n + 1 + r)/(n -2), we conclude from Theorem 2.2 that u must be radially symmetric. Since all positive radial solutions have infinite total mass (by Theorem 6 in [NY2] ), u must also have infinite total mass. This contradicts the assumption on u. Q.E.D.
Remark 2.1. Theorems 1.2 and 1.3 are special cases of Theorems 2.2 and 2.3 (n = 3, r = -2). § 3.
Generalized Eddington Equation
In this section we consider the following equation: 
We shall assume throughout this section that 0 $ H is locally Holder-con tinuous on IRn. (In fact, it is standard to see that our analysis below in the radial case applies to the case H(r) = O(ra) at r = 0 for some a> -2. See, for instance, [N2] , [NY2] .) We will prove some general theorems of existence and nonexistence concerning (3.1) and (3.3), in particular, Theorems 1.4 and 1.5 will be established. Since we are interested only in positive solutions, we will use the convention f(t) = f(O) for t < 0. The following assumptions on f will be used although not necessarily simultaneously, frJ(s) is convex in R, for some 0 < q < 1.
(3.7)
The Radial Case
In this subsection we shall always assume that His a radial function. Denoting the (unique) solution of (3.2) by u = u(r; ex), we first improve the nonexistence result of [NY2] (Theorem D in the Introduction).
Theorem 3.1. Suppose that (3.5) and (3.6) hold and H > 0. Then a necessary condition for the existence of a positive radial entire solution of (3.1) is
Proof. For simplicity we first assume that f E C 1 • Suppose that u is a positive radial entire solution of (3.1) with u(O) =ex. Then u = u(r; ex) satisfies (3. 2) and is nonincreasing in r > 0. Thus
Integrating from 0 to r and applying integration by parts to the first integral, we obtain
in r > 0. Now, integrating again over [O, oo) and changing the order of integra tion in the third term, we have
Then (3.6) implies that
and (3.8) is a positive entire solution (which is bounded below by a positive constant) of (3. I).
Remarks. (i) From the proof of this theorem it is easily seen that if the number sup ex/f(ex) is assumed by some ex*> 0, then in (3.10) the strict inequality"<" (iii) When f(t) = e 2 t, condition (3.10) becomes
Comparing this to (3.9) we see that a gap exists between the conditions for exis tence and nonexistence. The following example may prove to be useful in in vestigating this gap.
Assuming H > 0 (thus u, < 0) and integrating (3.4), we have 
Computations shows that the maximum of l in ex > 0 is assumed at ex = n -! log _ ) 2 , and therefore l(!X) is positive somewhere if and only if 13 20 2)-2
(1 -e)2 < -;:; n-2 en.
(3.12) ( Also notice that
and en< 1 with en -1 as n -=. Thus we may first chooses appropriately
and then modify H so that it is smooth with --J rH(r) dr smaller than but n -2 o arbitrarily close to -t cw For such H, it follows from (3.11) that (3.4) possesses infinitely many positive entire solutions. Since c 11 -1 as n -=, this example indicates that (3.9) is almost best possible.
The General Case
This subsection is devoted to extending the results in subsection 3.1 to non radial solutions. Our goal is to establish Theorems 1.4 and 1.5. The method we shall use to establish Theorem 1.4 is the barrier method (i.e. the super-solution and sub-solution method). The following result is a slight extension of Theo rem 1.4. Proof. It is standard to see (e.g. Lemma 2.8 in [LN] ) that cf > 2 0 in Rn and that The proof of Corollary 3.2 goes much the same as that of Theorem 3.3 above, hence is omitted here.
We now conclude this section with the following extension of Theorem 1.5.
